CARDINAL ARITHMETIC 1

Recall that A = B means that there is bijection from A to B, and that A < B means that there is a injection
from A to B or, equivalently, that A = S for some subset S C B. (Proof of equivalence: any injective map from A
to B is a bijection from A to a subset of B, and vice versa.)

Recall also that

(1) A< Band B S Cimply that A < C,
(2) AS A,
(3) (Cantor-Bernstein Theorem). A < B and B < A imply that A = B.

Consider the following question: given two sets A and B, can we find sets A* and B such that A = A*, B = B,
and A* N Bt = ()7 The answer is “yes”. There are many ways one can make such an A* and Bf. One simple and
convenient way is to let A* = A x {0} and Bf = B x {1}.

Definition. The disjoint union of A and B is (A x {0}) U (B x {1}).

The disjoint union of A and B is written AUB, Al B, or (occasionally) A @ B. T'll use @ here to emphasize
that disjoint union should be thought of as a kind of addition.

Theorem 1. Let A and B be sets. Then
(1) AUBS A® B, and
(2) If A and B are disjoint, then AUB = A® B.

Proof. Define a function f: AUB — A® B by

) (xx{0}) ifxecA,
f(x)_{(xx{l}) if z € Bx A

Then f is one-to-one (check!), so (1) is true. If A and B are disjoint, then f is a bijection, so (2) is true. O

Theorem 2. Suppose A= A’ and B= B’. Then
(1) AeB= A @B
(2) Ax B2 A ' x B.
(3) P(A) =P(A).
(4) AB =~ (A)B'.
Proof. By hypothesis, there exists injective maps f : A — A’ and g : B — B’. Then (as is easily checked) the map
(1) h:AxB— A xB
(2) h(a,b) = (f(a),g(b))
is a bijection from A x B to A’ x B’. This proves (2).
Define a map ¢ : AB — (4)8 by ¢(u) = fouog . Then (as is easily checked) ¢ is a bijection. This proves
(4).

The proofs of (1) and (3) are similar and are left as exercises. O

In many ways, the set theoretic operations in A @ B, A x B, and AP behave like ordinary algebraic addition,
multiplication, and exponentiation:

Theorem 3. For any sets A, B, and C,
(1) Ao B2 Bo A.

(2) Ao (BaC)2 (Ao B)aC.

(3) Ax B~ B x A.

(4) (A><B)><C Ax (BxC).
(5) Ax (BeC)=(AxB)® (Ax ().
(6) ABOC = AB » AC,

(7) (AB)C NABXC.
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2 CARDINAL ARITHMETIC 1

One proves each statement by explicitly giving a bijection. For example, to prove (1), we define a map ¢ :
A®B—= B® A, ie,amap ¢: (Ax{0})U(Bx{1}) = (B x{0})U(Ax{1}) by

¢((z,0)) = (z,1) for z € A, and
o((z,1)) = (z,0) for x € B.

It is easy to check that ¢ is a bijection, thus proving (1). Proofs of the other statements are similar and left as
exercises.
The sets 0 (i.e, §) and 1 (i.e, {0}) behave here much as they do in ordinary arithmetic:

Theorem 4. Let A be any set. Then

Each of these statements is obviously true (and easy to prove) once you understand figure out what it’s saying.
For example, to prove (5), note that an element of A! is a function u : 1 — A, i.e, a function u : {0} — A. Of
course u is completely determined by its value at 0. Thus the u — u(0) gives a bijection from Al to A.

Next we state how disjoint unions, products, and set-theoretic exponentials behave with respect to <7:

Theorem 5. Suppose A < A' and B < B'. Then
(1) A BS A e B,
(2) Ax BS A x B,
(3) AB < (AN, and
(4) AP S AP if A0,
Proof. By hypothesis, A is = to some subset of A’ and B is & to some subset of B’, so it suffices to prove the
theorem assuming A C A’ and BC B’. Butif AC A’ and BC B, then A@BC A ®B and Ax BC A x B'.
This proves (1) and (2).

To prove (3), note that AZ c (A’)B since A C A'.

To prove (4), let a € A. Given an element u € AP (i.e, a function u : B — A), define @ € AP’ (that is, define a
function @ : B’ — A) by

- u(z) if x € B, and
u(z) = : ,
a if v € B\ B.

Then the map u — @ is a one-to-one map (check!) from AZ to AP’ O

1. SETS RELATED TO R

The set of real numbers was in the past often referred to as the “continuum”. A set A such that A = R is said
to “have the cardinality of the continuum”.

Recall that R = 2N =~ P(N). We can use the basic properties of cardinal arithmetic to prove that many other
sets have the cardinality of the continuum.

Theorem 6. RN >~ R.

Cantor’s colleagues were amazed by this. The set RN of infinite sequences of real numbers seems much bigger
than the set of real numbers. But this theorem says that the two sets actually have the same size (i.e., cardinality).

Proof. R 22N and N x N = N, so

Corollary 7. R" 2 R for everyn € N, n # 0.
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Proof. Since 1 <n <N,
*) R' <R" < RN
But R! 2 R and RN = R, so by (%),

so R™ 2 R by the Cantor-Bernstein Theorem. O

Theorem 8. (1) If 1< B<R, then Rx B~R.
(2) If BSR, then R® B~R.
Proof. If 1 < B <R, then
R¥Rx1<RxB<RxR=R?=~R.

This (together with Cantor-Bernstein) proves (1).

If B <R, then

RXRPOSREPBSROAR=ERXx2=R

(the last & is by part (1)), so (by Cantor-Bernstein) R @ B = R. O

[Remark: Why is R@® R = R x 27 In fact, you should check that for any set A, A® A and A x 2 are actually
equal, and not just equipotent.]

Theorem 9. Let C be the set of continuous functions from R to R. Then C = R.
Intuitively, C' seems much bigger than R, but in fact they have the same cardinality.

Proof. First we prove that R < C. For each a € R, let ¢(a) be the constant function from R to R that takes the
constant value a. (That is, ¢(a) = R x {a}.) Then ¢ is a one-to-one map from R to C, so R < C.

Next we prove that C' < R. Define a map 1 : C — RQ as follows. If f € C, then ¢(f) is the restriction of f to
Q. I claim that ¢ is one-to-one. To see that it is, suppose that 1 (f) = ¥(g). Then (by definition of 1))

() f(q) = g(q) for every g € Q.
Now let « be any real number. Then there is a sequence g; of rationals that converges to x. By (*),
(1) flai) = g(a:)

for every i. By continuity of f and of g, f(¢;) converges to f(z) and g(g;) converges to g(z). Thus letting i — oo
in (1) gives f(z) = g(z). Since this is true for all z, f = g. This completes the proof that ¢ is one-to-one, and thus
the proof that C' < R.

Since R < C and C < R, in fact C = R by Cantor-Bernstein. g
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2. NOTATION IN THE TEXT; CARDINAL NUMBERS

In the text, most of the facts above are stated in a different notation, which I will now explain. The authors
make the following assumption:

Assumption. To each set A we can assign a set |A| (called the cardinality of A) in such a way that |A| = A and
that |A| = |B| if A= B.

At the moment, we cannot prove that such an assignment is possible. (For that reason, I've avoided using the
notation |A|.) Once we have the axiom of choice, we will be able to make such an assignment. It turns out the
cardinality of any finite set is the number of elements in the set, and that the cardinality of any countable set is IN.

In general, a set & is called a cardinal number (or simply a cardinal) if Kk = |A| for some set A. It is not hard
to show that & is a cardinal if and only if |s| = k. Note that the natural numbers are cardinal numbers, and that
N is a cardinal number.

If, like the authors, we make the assumption above, then we can define arithmetic operations on cardinal numbers
as follows:

Definition. Let x and A be cardinal numbers. Then

E+A=|k® )

K A=k XA
x* = |{f : f is a function from A to x}|.
The last part of the definition can be written more succinctly as

) R =R,
But x* means different things on the left and the right. Ideally, we would have different symbols, one symbol to
denote the set of functions from A to x (we might think of this as “set-theoretic exponentiation”) and another

symbol to denote the new operation (“cardinal exponentiation”) on cardinal numbers we are defining. Thus to
remove the ambiguity, we could rewrite (*) as

#*(cardinal exponentiation) = |x™ (set-theoretic exponentiation)]

But in general when we write A, we just state which kind of exponentiation we mean, unless it’s clear from the
context.
Using this new notation, we can restate theorems 3 and 4 as follows:

Theorem 10. Suppose that k, \, and p are cardinal numbers. Then

K-A=A"K,
RO ) = A,

(

(2)

(3)

(4)

(5) KAMTH = k. KM,
(6) () = w0,
(7) k+0=nr,

(8) #-0=0,

9) K-1=rk,

10) 0 =1,

11) 0* =1 if A #0.

As mentioned above, natural numbers are cardinal numbers. Also N is cardinal number, but when we think of
it as a cardinal number, it is usually denoted to ®y. So when you see an expression like ¥ or N§, you can assume
that the author is using cardinal exponentiation.

Note that |R| = |[P(N)| = [2N] = 2%0, s0 2% is the cardinal number of the continuum.

For finite numbers, the cardinal operations agree with the usual arithmetic ones. (This is easy to prove by
induction.)

Here are some basic facts about arithmetic of Ry and 28e:

Theorem 11. (1) If K < Ny, then k + Rg = Ng.
(2) If 1 <k <N, then k- Rg = V.

(3) If 1 <mn < N, then N} = Ny.

(4) If K < 2%, then K + 280 = 2%o,
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(5) If 1 < Kk < 2% then k- 280 = 2No,

Proof. Statements (1), (2), and (3) are facts (or restatements of facts) about countable sets that we proved earlier.
(For instance, (1) is the fact that the union of a countable set and an at most countable set is countable.)
Statements (4) and (5) are essentially restatements of theorem 8. O

We also have

Theorem 12.

(@) = m = Ny = (25 = 2
for natural numbers n > 0 and m > 1.
Proof. Except for the statements about m™° and Ng 9 this is a restatement theorem 6 and corollary 7. But we give
the whole proof since it is so short:

9Ro < mRo < NONO < (QNO)NO — 9RoRo _ 9Ro

so by Cantor-Bernstein these cardinal numbers are all equal. It remains to show that (2%°)" is equal to the other
numbers in the list. Note that

Mo = (2M)! < (o) = gl = g,
so (2%0)" = 2% by Cantor-Bernstein. O



